ON AUTOMORPHISMS OF LIE ALGEBRAS OF
CLASSICAL TYPE. III

BY
GEORGE B. SELIGMAN

In this paper, the techniques developed in [9; 10] are applied to a study
of concrete realizations of the exceptional Lie algebras of classical types
F, and E (see [8]) as Lie algebras of linear transformations of a split ex-
ceptional Jordan algebra J. Except for fields of characteristic 2 and 3, the
interpretations of these Lie algebras given for characteristic zero by Chevalley
and Schafer [3] are shown to carry over to arbitrary base fields. When several
more low characteristics are exempted from consideration (on the basis of a
failure of applicability of certain results on exponentials in [10]), the struc-
ture of the automorphism groups of these algebras is here determined in
terms of certain linear groups acting in 3. Some of the latter groups have
also been studied recently by Jacobson [6; 7], who has proved the simplicity
of a group here shown to be isomorphic to the group of invariant automor-
phisms of the Lie algebra in question (F; or Es). The present paper also
demonstrates the simplicity of these groups, by showing that they can be
identified with groups whose simplicity has been proved by Chevalley [2].

1. Derivations of the split exceptional Jordan algebra. Let € be the split
Cayley algebra over a field § of characteristic #2, regarded as all matrices

( )
b ﬂ

where o, BEF and a, bEB;(F), the space of triples of elements of §, with
a a\ /[y ¢ ay+ a-d ac+da — (b A d)
(b B)(d 6>=<7b+ﬁd+(a/\c) B+ bc )
where x-y and x Ay are the usual scalar and vector products in Bs(F), and
with the involution x—#% defined by

G o)

b B b a

[10]. Then € is an alternative algebra over §, and the symmetric bilinear
form (x, y) defined by (x, ¥)1=(xy+y%) /2= (£y+5x)/2 is nondegenerate on
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C. If we let e1=(1, 0, 0), es=(0, 1, 0), es=(0, 0, 1) be the usual basis for
B;(F) and set

0 0 0 e
“T (e; o)’ BT 2(0 o)’ 15i53,
10 0 0
“‘=(0 0)’ “":(0 2)’
then u,, - -+, us is a basis for €, and the matrix for (x, y) relative to this

basis is

@1%)
Lio)/)
Thus the form (x, y) is of maximal Witt index, namely 4. The multiplication

table for the basis u;, « - -, ug in € is as follows, where first factors stand to
the left of rows, second factors at the head of columns:

Uy uz u3 Uy Us us uz us
u 0 Yup —3u, u —ug 0 0 0
Uz —4us 0 $us us 0 —us 0 0
us $us —us 0 ug 0 0 —us 0
Uy 0 0 0 Uy Us Ug Uz 0
us —2u,y 0 0 0 0 4us —4u, 2us
U 0 —2uy 0 0 —4u; 0 4u, 2ug
Uy 0 0 —2u4 0 4us —4u, 0 2uq
us 2uy 2us 2u3 0 0 0 0 2us

We shall refer to the principle of triality: If T is a linear transformation
of € which is skew with respect to (x, y), then there are uniquely determined
skew transformations T%, T¥ such that for all x, yE,

¢)) (@NT¥ = («T)y + =(yT?).
(See, for example, [3; 4; 7], or Chapter IV of [1].)
If E;; are the usual (8 by 8) matrix units relative to the basis u;, - - -, us

of €, then H;=E;;—E;;4,:+4 is skew, 1<4¢<4. In the Cartan subalgebra
of the Lie algebra Dy, of all skew transformations of €, spanned by these H;,
we find that ¢ and Y map 9 into itself, their matrices relative to the basis
H, --.,H, of @ being:
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1 -1 -1 —1

1]-1 1-1-1
7ot -1 1 -1

L1 11—t

(2)

1 -1 -1 —1

1]-1 1 -1 -1
Vol o1 1 -l

1 -1 -1 1

That these satisfy the fundamental relation (1) is verified by checking
(u;uk)H}"= (u,-H;)uk+u,-(uka) for all Ujy, Uk, H;,.

Now let & be the 27-dimensional space over § of all 3 by 3 matrices of the
form

aijl @iz 0413
a= |G o a3,

a13 (23 Q33

ai;EF, a;;€C. With the composition a-b=ab+ba, J is a Jordan algebra,
which we shall call the split exceptional Jordan algebra [7]. Here if a= (a;))
and b= (b;;) are matrices with entries in €, the product ab=(c;;) is defined
as usual by ¢;j= Y_i aabsj, the multiplication of entries being that in G.

Let € be the Lie algebra of all derivations of &, i.e., all linear transforma-
tions D of & over § such that (¢-b)D = (aD)-b+a-(bD) for all ¢, bE 3. Then,
as usual, ID =0, where I denotes the identity matrix. Next let
x=diag{1, 1, —1}68‘, and let

a;l G2 G13
xD=a= |dis as ay|.

13 d23 as3

For economy of space, write a=diag{au, o2z, ozas} Fa1.(1, 2)+ais(1, 3)
+as5(2, 3). From x-x=I+1, we have 0=2(ID)=2x-a=4 diag{au, Oz, ass}
+4au(1, 2), or au=a22=a33=0, alz=0, and xD=a13(1, 3)-|:a23(2, 3) Slml-
larly, if y=diag{1, —1,1} €S, yD=bu(1, 2) +b2(2, 3), and x-y=2x+2y—2I
yields (x-y)D=(xD)-y+x-(yD)=2xD+2yD, or 2bn(1, 2)+2a;(1, 3)
=2b12(1, 2)+2(113(1, 3)+2(au+bzs)(2, 3), so that b= —ass. Writing a3z in
place of by, we see from diag{om, am, s} = (cetamu)l/2+ (0 —om)y/2
+ (au—ass)x/ 2 that
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diag{ e, e, as }D

3
1
=7 [(an1 — @22)a12(1, 2) + (a1 — ass)e1s(1, 3) + (@22 — ass)azs(2, 3)],

where @12, @13, @25 are determined as above by xD and yD.

Next let a€€, and let a(1, 2)D=diag{ﬁu, Ba2, Bsa} +b12(1, 2)+bis(1, 3)
+be3(2, 3). Since a(1, 2)-a(1, 2)=(a, a)(I+x), we find by computing
(a(1, 2)-a(1, 2))D as 2a(1, 2)-(a(1, 2))D and as (@, ¢)({+x)D = (a, a)xD by
(3), that

4) Bu+Bu=0; (a 003 =2abs; (a,0)a23 = 2abs3;  (a, b12) = 0.
From a(1, 2) -y=0 we obtain a(1, 2)D-y+a(l1, 2) - (yD) =0, so that one finds

1
(5) fu=— (a, 012); B3z = 0; b1z = 7 adss.

Froma(1, 2)-x=2a(1, 2), we find as'above that b;; = das/2. If we set 2bi,=aT,
TEEG(G), the algebra of all linear transformations of €, we see from the con-
dition (a, bi;) =0 of (4) that (a, aT)=0 for all aEE, hence that T is skew:
TED,. Thus we have

o(1, 2)D

(6) 1 .
= [(a, a15) diag{ —1,1,0} + (aT)(1, 2) + (aazs)(1, 3) + (Ga13)(2, 3)],

where TE D, and where a1z, a1, a2 are as in (3). Similarly, we have
a(1,3)D

m 1 .
= _2— [(d, 013) dlag{ _17 0, 1} - (0523)(1, 2) + (aU)(l) 3) + (limd)(z, 3)]»

a(2,3)D

® -;_ [(a, a2) diag{0, —1, 1} — (a1s0)(1, 2) — (ar20)(1, 3) + (aV)(2, 3)]

where U, VED,. In particular we note that D maps & into the subspace
&' of matrices of trace zero.

Now from a(1, 2)-b(2, 3) =(ab)(1, 3) we obtain a(1, 2)D-b(2, 3)+a(1, 2)
-b(2, 3)D=(adb)(1, 3)D. Computing and comparing entries in the (1, 3)-
positions yields (a¢b) U= (aT)b+a(bV) for all @, bE€. That is, V=T%U=TY,
where ¢ and ¢ are the automorphisms of D, given in the principle of triality.
Thus D is completely determined by the parameters a1, @13, 23E €, and by
TED.. Hence the dimension of £ does not exceed 3-8-428=>52.

The mapping D— (a1, @13, @23, T) is linear from g into EGEPEP D, and
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is one-one. As in §6 of [10], to show it is onto we need only show that if for
a1z, 13, 63 €, TED,, we define a linear transformation D of & by

(diag{Bu1, Bas, Bas} + 121, 2) + b1a(1, 3) + bas(2, 3)) D

1
= 7 [diag{ —2(b12, @12) — 2(b13, G13), 2(b12, @12) — 2(ba2s, a23), 2(1s, a13)

9
©) + 2(bas, 623)} + ((Bu — B2z)arz — busdizs — arsbas + b1 T)(1, 2)

+ ((B11 — Bss)ais + bisass — @12bas + 513T¥)(1, 3)
+ ((B22 — Bss)azs + bizars + G12bis + 52aT%)(2, 3)],

then D is a derivation of &. This follows by a rather lengthy calculation
which becomes straightforward when the identities in € noted below are used:

€ is an alternative algebra, i.e., a(ab) =a?, (ab)b=ab? for all @, bEGE. If
we define A (a, b, ¢) = (ab)c—a(bc), it follows by polarization of the above that
A(a,b,c)=—A(,a,c)=—A(a,c,b),sothat A(a, b, ¢) is an alternating func-
tion of its arguments. For the scalar product in € it follows that (a, bc)
= (a¢, b) = (ba, ¢), and that 2(a, b)c — b(ac) —a(bc) = (ab)c —a(bc) + (ba)c — b(ac)
=A(a, b, c)+A®, é,¢c)=A(a, b, c)—A(8, b, c)=A(a, (b+b), c)—A(a, b, ¢
—A((@+a), b, c)+A(a, b, c) =0, since b+b and @+a are in §-1. By a similar
argument one obtains the second of the two equations

(10) 2(a, b)c = a(bc) + b(ac), 2(a, b)c = (ca)b + (cb)a.
The two identities that require further discussion are
(11) (@B)T = a(dT%)~ + (aT¥)},  (ba)T* = (bT)~a + b(aT¥)

for all ¢, bEG, and for all TED,. These are linear in b. First let b=\1, AC§;
then they become AaT=Na(17%)~+N(aT¥)1 and NaT¢=\N(1T)"a+N1(aT¥).
From the fact that T and T* are skew, we have (1, 1T7)=0=(1, 1T%), or
1AT)~+(AT)1=0=1(1T*)~+(1T*1, ie, (1T)~=—1T, (1T¢)-=—1T*
Thus the desired identities become AaT = —Aa(17¢)+NXaT¥ and NaT*
= —N(1T)a+NaT¥. These now follow from aT¥=(al)T¥=(aT)1+a(1T%)
=aT+a(1T*) and aT¥=(1a)T¥=(1T)a+1(aT*) = (1T)a+aT*, respectively.

Next let b& @', the space of elements of trace zero in €; since the form
(%, ¥) is nondegenerate on € and since €’ is the orthogonal complement of
the nonisotropic subspace §1 with respect to this form, we may assume that
b runs through a basis for €’ consisting of elements b with (b, b) 0. It remains
only to prove (11) when b is of this form. Then we have (b, b)1 =bb=15b=p1
#0, BEF, and 0=0+b=(1, b), b*= —bb= —B1. Thus we must verify

(12) —(ab)T = a(dT*)~ — (aT¥)b, —(a)T* = (bT)~a — b(aT¥)

for such b. We know that —BaT¥ = (ab?) T¥ = ((ab)b) TV = ((ab) T)b+ (ad) (bT*),
and that —BaT¥= (b(ba))TV= (bT)(ba)+b((ba) T*). Multiplying the former
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of these equations on the right by b and the second on the left by b gives

—B(ad)T + ((ab)(6T*))b = — B(aT¥)d,
b((dT)(ba)) — B(ba)T¢ = — pb(aT¥).

Now (ab)(bT*) = A(a, b, bT*¢) + a(b(bT?)) = — A(a, bT*, b) —a(b(bT*))
= A(a, (bT%)~, b) — a(2(b, bT*) — (bT*)~b), and (bT)(ba) = — AT, b, a)
+((®T)b)a=—AB, BT)~, a)— (2T, b)—b(bT) )a. Since T and T¢ are
skew, (b, bT)=0= (b, bT*), and we have (ab)(6T*) = (a(bT*)")b—a((bT*)~b)
+a((6T%)70) = (a(dT*)7)b, (bT)(ba) =—(b(6T)")a+b((6T)"a) + (b(dT1) )a
=b((bT)~a); substituting in (13) gives —B(ab) T+ ((a(bT*)~)b)b=—B(aT¥)b
and b(b((dT)~a)) —B(ba)T¢= —Bb(aT¥). From the alternative identities,
—B(@b)T—Ba(bT*)~=—B@T*)b and —B(bT)-a—L(ba)T*=—Lb(aT¥). The
identities (12) are now immediate.

Thus we can identify @ with €D E D C ® Dyasabove. Let D = (a1z, @13, 623, T),
E = (bys, b1z, bes, U) be derivations of &, in this identification. Computing the
effect of [DE] on x 9, and a(1, 2) as above yields for [DE] = (1, ¢, 23, V),

(13)

1
C12 = rY (812U — 12T — a13das + bi13das),

(a13U¥ — b13T¥ — b12a23 + a12b13),

1
c13 = —
13 5

(14) 1
C23 = —2 (a23U% — 23T + b12a13 — G12b13),

1
aV = Py (4(a, b12)a12 — 4(a, a12)b12 — (aa23)bas + (abas)das

— b1s(@13a) + a13(brsa) + a[TU]), ac C.

The subspace $ of & spanned by the derivations 2(0, 0, 0, H;)=h;,
1=<i=<4, is thus a commutative subalgebra of & From our computation of
H?, HY, it follows that  is also spanned by the elements 2(0, 0, 0, Hf) and
is spanned by the 2(0, 0, 0, HY). Moreover we have
6"1’(“1') 0) 0, O)) 1= j = 4’

»0,0,0), k) = (%;H:,0,0,0) = ;
[(uJ ’ ) ] (ul ) {_ai.j—4(ui) 0) 0’ 0): 5 §.7 = 8.

If we define 8;E9*, 1 5j=<4, by B;(h;) =0;;, 1 £1=4, then for each hEH we
have
[(ui) 0,0, 0)1 h] = Bi(h)(ui) 0) 0’ 0)) 1= .7 = 4:

15
( ) [(uf-l-h 0) 0) 0)) h] == ﬁi(h)(uﬁb 0: 0» 0)’ 1 s .7 é 4
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We also have [(ot Uj, 0, O)v ht] = (O, uim- 0, O)r [( 0’ 01 Uj, 0), ht] = (0, 0: uthév O)y
1=j=8, so that if we define B, - - -, BEH* by Bjn(h) =(—1/2)+6,
15754, 120=4; Birs(h) = (—1/2) +0;, 154, j<3, Birs(h) =1/2, 1553,
Biz(h:) = —1/2, 1 £4=4, then it follows by (2) that for all hE D,

[(07 Uj, 0’0 )7 h] = Bi+4(h)(0) Uj, 0’ 0)’

(19 [0, %44, 0, 0), k] = — B14a(B)(0, w44, 0, 0), 1554
17 [0, 0, u;, 0), k] = B;4s(k)(0, 0, uj, 0),

[(0, 0, #j44, 0), k] = — Bi1s(A) (0, O, wjps, 0), l=7=4
From observation of the formula for Vin (14), we find i3, - - -, Bu in $* and
24 nonzero elements TE€ Y, such that for all kE D,
(18) [0, 0,0, T), k] = B(A)(0, 0, 0, T),

where, for the various values of T, 8 runs through +8i, - + -, +B. If 135
<18, we haveB;(h;) =08mi—0ni;, 1 Sm<n=<4;for 19=<;7<24,B;(h;) = — bp;— 8pns,
1=m<n=4,1=:<4. Here T runs through the transformations E;;— E; 4,14,
1=54,jS4; Eijyu—Ej iy4; Eipsj—Ejpa,i, 121<j=4, where the E,, are 8 by
8 matrix units relative to the basis #;, - - -, ug of €. For example, with
T'=E;s—Es, (0,0, 0, T) belongs to the function 8 with B(h;) = — 8;; — 82;, and
(0, 0, 0, Es;— Eg) to the function —p.

We assume now that the characteristic of § is neither 2 nor 3. The
+8;, 1=<i=24, are 48 distinct nonzero linear functions on § such that for
each 3, there is a nonzero eg &8 such that [egh]=8(k)es for all LED. If we set
Ls = Fes for each such B, then the & are independent, and the 24, together with
9, are also independent. Thus =9+ > %, a vector space direct sum. It
follows as in §6 of [10] that § is an abelian Cartan subalgebra of &, with re-
spect to which the +p; are roots. The roots 8 span $*, since By, - * -, Bs
already do so. Now it follows as in §6 of [10] that the center of R is zero.
Evidently 8C [22] for each root 8; also §C [28], since § is spanned by the
[e_ses] for B among Bys, - - -, B Thus ¢ is seen to satisfy the postulates of
[8], except possibly for (iv) and (v). For 8 among B3, - - -, +Bis, the fact
that [8—583];50 follows from (14), (18), and [E,'j—Ej+4,,~+4, Eii_E€+4,J’+4]
=E;—E;j+Eji4,j4a—Eiya,i04, 154, j<4; for B among +Py, - - -, +Pu, it
fOllOWS from.(_14), (18), and [E,"j+4'—Ej'¢+4, Ej+4,¢—E,‘+4,j] =E,‘,‘+Ejj—E,'+4,,'+4
—Ej4,500 151, j<4, 055

For B among +p;, - - -, £, it follows from (14) that
[(u:, 0, 0, 0), (#:14, 0, 0,0)] = (0, 0,0, V), 12124,
where aV=2(a, uiya)u;—2(a, u;)u:rs; thus 4,V =2u,;70, and [R_s2] 0. For
ﬁ among iBﬁy Tty iﬁ& we have fOl' 1§'I§4, [(Oy U, 01 0)1 (Ov Uity Oy 0)]

=(0, 0, 0, V), where aV = (u;(t1:440) /2 —uia(@:a)). If 153, it follows
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from the table on page 287 and the fact that #;,= —u,, %, ;4= —uiy4, that

usV=—umiy=us, so V#0. If i=4, then @y=wus/2, g=2u,;, and w,V
= —ust/2=—uy, so V#0. Thus [8_5&9] #0 for these values of 8. A similar
argument applies for 8 among +f, - - -, +B1.. Hence all [f_4%] are one-

dimensional, and (iv) of [8] is satisfied.

Now the roots oy, defined as the root to which (0, 0, 0, E3;— Eg) belongs;
o, the root to which (0, 0, 0, E;s— Eq) belongs; as=01; as= —f form a basis
for $*, and the totality of roots are: ta;, 1=51=54; + (st ai), 15153;
+(aitaimtaie), i=1, 2; (amtartastan); +(a+2as); + (a1 +ae+2a3);
+(aa+2a3+ou); *(cet2a3420u); +(n+202+205); *(artaet2a5+ad);
+ (a1 + a2 + 205 + 2a4); +(ou + 20 + 205 + au); £ (ca + 200 + 205 + 204) ;
+(ou + 20y + 3o + ) ; £ (oa + 20 + 303 + 204); + (on + 205 + 4oz + 2a4) ;
+ (1 + 30 +403+204) ; + (2a1+ 302 +4as+2ay). Since the characteristic of §
is not 2 or 3, it follows by inspection of this list that not all @4 %@ can be roots
(or zero) for any nonzero root 3, and also that e, s, i, o form a fundamental
system of roots relative to § in the sense of [8]. This system is of type Fy, as
is seen from the above. Thus all axioms (i)-(v) of [8] are satisfied, and by
Theorem 8 of [8], ® is (normal) simple and is a representative of the iso-
morphism class F; of [8]. In combination with Theorem 9 of [8], this reason-
ing gives the following theorem:

THEOREM 1. The Lie algebra R of derivations of the split exceptional Jordan
algebra I is a simple Lie algebra of classical type Fy over the field § of character-
istic #2, 3. Every Lie algebra of classical type over § with a fundamental system
of roots of type Fy is isomorphic to .

2. The enveloping algebra of ¢ in &'. If we let u;, - - -, us be our basis
for €, then every element of Dy, acting in €, has as matrix relative to this
basis a matrix of the form

¥ = ( (& (n)’ ),
) 1=®
where (£), (1), (¥) are 4 by 4 matrices with ()’ = —(n), )’ = — (). One veri-
fies directly that the images of this element under the triality automorphisms

¢, ¥ are
- (o)

*= ()

where
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1
7 (Bu—Eaa—EstEa) b1z £z —2nu
1
& 7 (—tn+Ea—tattn) 24 — 224
()= : ,
& fa 7 (—tu—fattntta) — 234
1 1 1 1
r $14 7 S 7 ¢ -7 (Euttattatta)
0 1 1 1 0 2 -2t —4y
-7 ¢ 7 ¢ 7 $2 34 24 23
1 1 1
—¢ts O ——tu —¢{ui -2t O 2tu s
2 2 4
®)= 1 1 1 ’ = ,
-7 £a2 7 ta O —— {12 2820 —2%14 0 — 412
1 1 1
—¢ ——¢ —$fz 0 dn;y —dms dmz O
4 4 4
(19) 1
7 (E1n—E22— 33— £40) &1z &3 £
1
£ — (—tuttn—fn—tu) 24 2]
2 ’
W)= 1
&n £32 7 (—tn—bnt+tu—tu) Eu
1
ta fa2 ta 2 (—tu—fn—tattn)
1
0 ——$u % 2 _I $2 0 — 43 4 —4n2;
1 1 1
—¢u 0 ——fu  — i dnae 0 —dq s
4 4 4
)= 1 1 1 , (0= .
——%u —¢u 0 —— {12 —dn e O —4ny
4 4
1 1 1 0 s —dms dma O
4{23 % $13 n $12 23 13 12

Using the uniqueness of X% and X¥, these assertions are readily checked by
seeing that for each pair of basis elements u;, u;, (uu;) X¥ = (u;X)u;+u;(u;X*).

Let wy=diag{1, —1, 0}, w,=diag{0, 1, —1}. Then w;, w, and the a(j, &),
1=5j<k=3, a<@, span the space . Since € maps 3’ into &' and I into 0,
we may identify € with its restriction to &'. In this sense, we have

LEMMA 1. ¥=C(8Q'), the full algebra of linear transformations of &'.

To prove the lemma, we first observe the effect on a general element of
&’ of our basis for 2. Thus if @ =ayw; +awy+a15(1, 2) +a13(1, 3) +ax(2, 3), we

have
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1 1
a(u,-, 0, 0, 0) = - (an, u.~)w1 + ? (2a1 b a,)u.-(l, 2) b 7 (u.'dza)(l, 3)
1
+ > (#h:013)(2, 3);

(0, 4,0,0) = = (a1, w01+ ) = — ()(1,2) + - (o + @)ul1,9)

(20) 1
+ EY (8124)(2, 3);

1 1
a(0,0, 4;, 0) = — (@23, %:)wz — Py (a1a:)(1, 2) + rY (a12)(1, 3)

1
+ EY (2az — anui(2, 3); 1<5i<8,
and
1 1 1
0(07 01 0) T) = 7 (al?T)(ly 2) + _2' (alaﬂ)(l) 3) + _2— (a”TW)(Z’ 3)) Te SD‘-

From the first three of (20), we see that a(u;, 0, 0, 0)2= — (a1, %,)u:(1, 2),
a(0, u;, 0, 0)2= — (as3, #,)u:(1, 3), a(0, 0, u,, 0)2= — (ass, u;)u:(2, 3), 1<51<8.
Thus if we denote by E(y, w) the matrix unit sending the basis vector v into
the vector w of the same fixed basis, and all other basis vectors into 0, it
follows that {2 contains

(21) E(“'(]: k)) ut'+4(js k)): E(“o'+4(j: k)y ui(j, k)):
1<j<k<3 1<i<4.

Now a(u,, 0, 0, 0)%(u;, 0, 0, 0) = (@12, %;)(u;, uj)w, which yields for j=4
or j=1—4 the result that £2 contains each E(u;(1, 2), w;), 1 <1=<8. This and
the analogue for (0, %, 0, 0)2(0, #;, 0, 0) and for (0, 0, u,, 0)2(0, 0, %;, 0) show
that £2 contains all

E(ui(1, 2), w1), E(ui(1, 3), w1) + E(u:(1, 3), ws), E(ui(2, 3), ws),

22
22) 1=s:=8.

For 1 =154, we denote by C(z) the set of all j#4, 1 <j<4, and the integer
1+4, and by D(z) the complement of C(¢) in 1, 2, - - -, 8. For §5¢58, we
set C(s) =D(i—4), D(i)=C(i—4). Let C'(5) = {C(s), 8} — {4}, 1=¢<3, C'(4)
= { 1,2, 3,4}, and let D'(4) be the complement of C'(3), 1 <1<4; for 5<i<8,
set C'(1) =D’(i—4), D'(i) = C'(¢—4). Then left multiplication by u,, 1#4, 8,
maps the subspace of € spanned by the u;, & C(7), onto the subspace spanned
by the uj, jED(s), and the latter subspace onto 0. Let multiplication by
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#;, 1=4, 8, map the subspace spanned by the u;, &€ C(s), onto 0, and the
subspace spanned by the u;, & D(3), onto itself; moreover vectors of this
basis are sent onto scalar multiples of vectors of this basis for every 7, 1 <1< 8.
Similarly, right multiplication by u;, 14, 8, sends the span of the «;, j& C'(3),
onto the span of the u;, j&D’(7), and the latter onto zero; for 1=4, &, the
span of the u;, j& C’'(7), is mapped onto itself and the remaining #; go into
zero.

Now computing (u,;, 0, 0, 0)2(0, »;, 0, 0), we see that a goes into
— (@12, u:)(%u;)(2, 3)/2. Since the first factor (u; 0, 0, 0)? is essentially a
matrix unit E(u.14(1, 2), #:(1, 2)), we see that for 4, 8, where %;= —u,, our
transformation is 0 if j&D(z), and for jE C(7) yields in € the matrix units
E(uiza(1, 2), wi(2, 3)), k&D(45), i.e., the E(u;(1, 2), ux(2, 3)), kEC(). For
1=4, 8, #; =My, 0 ENEF, yielding in B all E(u;14(1, 2), ux(2,3)), kED(1 1+ 4);
thus €2 contains all

23) E(u:(1, 2), %;(2, 3)), 7€ CG), 1=5:158,1#4,8;
E(ui(1, 2), 4;(2, 3)), ;€ D(@), i=4,8.

Similarly from (u;, 0, 0, 0)2(0, 0, %;, 0) ©23, we have in ¥
(24) E(ui(1, 2), u;(1, 3)), 7€ C@), 1si<8.

From (0) Us,y 01 0)2(uj, 0,‘01 0)9 (0’ Uiy 01 0)2(0’ 01 Uj, 0); (01 0: Us,y 0)2(ujy 01 01 0)1
(0, 0, u;, 0)2(0, u;, 0, 0), we have in 3:

E(ui(1, 3), 4;(2, 3)), jE C'(v), 1# 4, 8;
E(ui(1, 3), 4,2, 3)), j€ D), 1=4,8;
(25) E(u(1, 3), »;(1, 2)), j€C®), 1<i<8;
E(u;(2, 3), w;(1, 3)), jE C'(1), 1# 4, 8;
E(u;(2, 3), u;(1, 3)), j € D', 1=4,8;
E(ui(2, 3), i1, 2)), j€C(3), 1=:i=8.

From following (%, 0, 0, 0)2, (0, %, 0, 0)2, (0, 0, u;, 0)2 by suitable (0, 0, 0, T),
where T is selected from the basis for D, used in §1, we find that 23 also con-
tains all

Furthermore, from (#,44, 0, 0, 0)(%;, 0, 0, 0)2, (0, %14, 0, 0)(0, u;, 0, 0)2,
(0, 0, %44, 0)(0, 0, u;, 0)2, we find in 3 the following:

2E(w1’ “i(l: 2)) - E(W2, “i(17 2)); E(wh ui(1, 3)) + E(ws, ui(1, 3))’
E(wl, u.-(2, 3)) - 2E('ll)z, u,«)(2, 3)), 1=:=8.

Now we show that E(v, w)E®* for all basis vectors v, w for &’. Since
E(ui(j, k), uira(j, ¥)) EL2 by (21), it follows that E(u.(j, k), u:(j, k)) ELY;

@7
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combined with (26) and the fact that & = [R8] T2, this yields E(u;(j, k) ,un(j, k))
& forall i, m, 1 <7, m<8, and for 1 £j<k=<3. Following the elements (23),
(24), (25) by suitable (0, 0, 0, T), TED,, yields in 8¢ all E(u;(j, k), ux(j’, k'),
15i,m=8,15j<k=3,1=j <k =3. Next, following an E(u;(1, 2), #;(1, 3))
€L by (0, %14, 0, 0) gives E(u;(1, 2), w)+E(u,(1, 2), wy)ELL Since
E(ui(1, 2), w) E¥B¥C R by (22), we have E(ui(1, 2), w,) ER4 Similarly, all
E(u;(1, 3), w1) and all E(u,(1, 3), w.) are in &4, as well as all E(x;(2, 3), w1);
all E(u;(2, 3), w;) are in L3C 4,

It remains to show that E(w,, v) ER4, m=1, 2, for all basis vectors v.
by using the fact that for each k, there are an ¢ and a j such that u(2, 3)
=u;(1, 2)(0, u;, 0, 0), A\EF, we can follow 2E(w, u;(1, 2)) — E(we, u;(1, 2))
€2 by N-1(0, %4, 0, 0) to obtain 2E (w1, ux(2, 3)) — E(w,, ux(2, 3)) ER4for all k.
Combined with (27), this yields E(w,, #:(2, 3))E%4, n=1, 2, 1<:<8. Simi-
larly we see that all E(w., #.(j, k)) €84 Following the first element in (27) by
(#i44, 0, 0, 0), the second by (0, u;44, 0, 0), the third by (0, 0, #;44, 0) yields,
respectively, 2E(w, w;) — E(w,, w1), E(w, ws) + E(w:, wy) + E(wi, 1)
+E(w,, w1), E(wi, ws)—2E(w,, w,) &84 Finally, computing (#;, 0, 0, 0)
-(0, us, 0, 0)(0, 0, uz, 0) EL*CR yields in ¥4 a linear combination of matrix
units other than E(w;, w;) together with a term in 2E(w, w.) —E(w., w;);
together with the above, this shows all E(w;, w;) €24, 4, =1, 2, and completes
the proof of the lemma.

Now we know that if D&, for some a0, then (ad D)3=0; combining
this fact with the result ¢=@E(3’) of Lemma 1 and with Lemma 1 of [10],
we know that since D is nilpotent (see [10]), D®*=D43-D+1=0 on &'. Since
ID =0,we have D?=0 for all elements D of all root-spaces L, a0, relative
to standard Cartan subalgebras of & We shall need the results of §1 of [10]
which are valid when D?"'@+D =0, where p is the characteristic of § (if
p#0). Thus we assume in the sequel that the characteristic of § is either
zero or a prime p>13.

3. Automorphisms of the derivation algebra. Now the mappings exp(D)
of &, for D as in the last paragraph, are automorphisms of &, and for X €8,
X exp(ad(D)) = (exp D)X (exp D) =A~'XA, A an automorphism of & [10].
The group 9(2) of invariaht automorphisms [9; 10] is generated by such
mappings X —A~1X A4, where 4 is an automorphism of . Conversely, if 4 is
an automorphism of &, the mapping X—A~'X4 is an automorphism of &.
If A is an automorphism of & then I4 =1, and 384 =34, since JLC Y’
and &' =384, but 4 =F(4AR4")A =3JAR; since JALC Y/, we have
Y'AC Y, so that F’A=F'. Thus if X=4"1XA for AEA(S), the group of
automorphisms of &, and for all X ©&, we see from Lemma 1 that 4 [ g’ is
scalar, so that TA=1I, xA=Nx for all x€Z'. Thus (w;-w.)4 =w 4 -w,A
=Nw;-w,. But wy-w,=2(w—w,—1)/3, so (wi-w)A=2Q0w—\w,—1I)/3
=2\%(wy—w;—I)/3; hence N*=\ and A\*=1; thusA\=1, and 4 =1.

Hence the mapping sending 4 € A(Y) onto the automorphism I,: X
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—A-1X A4 of 2 is one-one and an isomorphism of A(F) into A(L). In the alge-
braically closed case, every automorphism of g is an invariant automorphism
[9], hence of the form X—A~'XA4, ACA(S), and the mapping A—I, is an
isomorphism of %($) onto A(R). As in the case of G, in [10] we can show
that this result remains valid even if § is not algebraically closed. Namely:

If ® is the algebraic closure of {, then Jg is the split exceptional Jordan
algebra over &, and g is the derivation algebra of 3g. If ¢ is an automor-
phism of &, ¢ has a unique extension to an automorphism of 2; hence we
have, for this extension ¢, X*=A4-1XA4 for some 4 EA(Jg), all XEL. In
particular, this relation holds for all X &{. Thus there is a nonsingular linear
transformation B of & such that X7=B~1XB for all X& [11]. Now B maps
& into &, since 3'8= Y = Jimplies 3'B = F'¥B = Y’B(B~1¢B) = '’ BRC 3¢
= g. Since 24=E(g’), (2r)*=CE(3g); now A~'Bg maps I3 into Jp and com-
mutes elementwise with 2g, so that A—!Bg=\I on 3%, AER, or Ba=N,
0£NER. But w;(1, 3)B/2=(u1(1, 2)-ux(2, 3))B=A(u1(1, 2)-ux(2, 3))A
=\(u(1, 2)A4)- (us(2, 3)4A) =N"Y(u:(1, 2)B) - (u3(2, 3)B), so that \EF, 4| I’
€6€(8"),and 4 = Ce, CEA(SZ). Thus we have X*=C-1XC, CEA(SF). Asabove
C'XC=X for all X&Q only if C=1I. Thus the mapping 4—I, is again an
isomorphism of A(g) onto A(R).

THEOREM 2. Except when § is of prime characteristic between 2 and 13, the
mapping A—I1, which assigns to the automorphism A of the split exceptional
Jordan algebra & over § the automorphism X—A—'XA of the Lie algebra L of
derivations of  is an isomorphism of the full automorphism group A(Y) of &
onto the full automorphism group of L.

4. Invariant automorphisms and the group of Chevalley. The group G’ of
Chevalley formed over § from a complex Lie algebra of type F; may be re-
garded as acting in & via the mappings exp(A ad(X)), where X runs through
a complete set of root-vectors relative to a fixed standard Cartan subalgebra
9 of &, the fundamental system of roots relative to § being of type F, (see
[2; 10]). By Theorem 9 of [8], there is an automorphism ¢ of § mapping the
Cartan subalgebra 9, of ® spanned by the k;, 1 £7<4, onto 9, and the root-
vectors relative to 9., as listed above, onto those relative to . We have
X°=A"1XA, A€A(S). Now (ad(X))*=0 and (X°)*=0 by §2, where X
runs through the root-vectors relative to 9;, so that Y exp(A ad(X?))
= (exp(AX?))"1Y(exp(\X")) for all YEL, and G’ is the isomorphic image un-
der B—Ip of the subgroup ® of A(J) generated by all exp(AX*). The group
A®A-! is the subgroup of A(F) generated by all exp(AX), where X runs
through the root-vectors relative to §;,. We show 484 '=%A(S). Then it
follows that ®=%(g), and that G'=A(R)==A(F). Since the group 9() of
invariant automorphisms of & contains G, it follows that G’'=4(2)=A(Y)
29(3). (The fact that A(Y) is simple, proved by Jacobson [7], coupled with
the fact that 9(R) is a normal subgroup of A(R), shows that 9(2)=AR)
~A(Z), but our result is somewhat sharper and, combined with Chevalley’s
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proof of the simplicity of G’, gives another proof of the simplicity of A(S).)
We first investigate the effects of all exp(\es), where ¢g runs through
2(u,, 0, 0, 0), 2(0, u;, 0, 0), 2(0, 0, u;, 0), and 2(0, 0, 0, T), belonging to the
roots 0, - -+, +Pxu relative to P1: With b=diag{[31, Bs, ﬁa} +b12(1, 2)
+b13(1, 3) +b25(2, 3), we have
b exp(2\(%;, 0, 0, 0)) = b + A[diag{ —2(b12, us), 2(b12, us), O}
+ (81 — B2)ui(1,2) — (wibes)(1, 3) + (:d13) (2, 3)]
Il 2)\2(612, u.-)u;(l, 2);
b exp(2A(0, u;, 0, 0)) = b + A[diag{ —2(b1s, %), O, 2(b1s, 4:)}
— (wib2s)(1,2) + (B1 — Bs)ui(1,3) + (Braws)(2,3)]
il 2)\2(b13, u,-)u,«(l, 3);
b exp(2)(0, 0, u;, 0)) = b + A[diag{0, —2(bss, %), 2(bas, us) }
— (busts)(1, 2) + (bram) (1, 3) + (B2 — Ba)ui(2,3)]
bl 2)\2(623, u;)u;(Z, 3);
b exp(2A(0, 0, 0, 7)) = b+ A[(32T)(1, 2) + (3:1aT¥)(1, 3) + (52sT*)(2, 3)].

(28)

Now let BEA(S). We show that by a succession of right multiplications
of B by transformations (28), B can be converted into the identity. Since the
transformations (28) generate 4®A4-1, it will follow that BEA®A~!, so
that A@4A-1=A(T), as asserted.

Now B sends #(1, 2) into #(1, 2)B=c=diag{'yu, Yo, 733} +c(1, 2)
+eis(1, 3) +c2(2, 3). We first show that when ¢, is written in terms of the
basis {u.} of €, we may assume that the coefficient ey of #, is 1. Suppose first
that a; 0. Then choose A so that, if . is the coefficient of %, in ¢19, Aoy +a2 %0,
and follow B by exp(2\(0, 0, 0, E;»— Eg)); the new automorphism sends
u1(1, 2) into an element of & having in the (1, 2)-position oqu;4-(oe+Nou)us
+ - -+, ap N0, and is in A®A 1 if and only if B is; thus we may assume
;%0 in B. But then if we follow B by exp(2(1 —a1)a; (0, 0, 0, Ey — Eg)) we
obtain in the (1, 2)-position (an+(1—au)os 'a)ur+ -+« - =+ - - -, ie.,
a1 =1 as desired. Thus we may assume ¢;; has the desired form unless ay =a,
=0. If a,, the coefficient of u; in ¢y, is nonzero for 2 among 3, 4, 6, 7, 8, a
similar procedure can be used to make ay=1. If all these are zero, and if
a3#0, a combination of two of the types exp(2X(0, 0, 0, T')) can be used to
make a;=1. Thus we need only treat the case where c;;=0. If ¢1370 then
for some 1, c13%;7%0, so that following B by exp(2(0, 0, %;, 0)) makes ¢127#%0,
and we can proceed as before to make oy =1. Similarly, for ;30 we use a
suitable exp(2(0, u;, 0, 0)). Thus we may assume ¢;2=c13=c23=0. Now, not
both of 11 —a2, Y11 —Yss are zero, since this implies y11 =72 =", and % (1, 2)B
has trace 3y 0 unless %;(1, 2)B=0. But #,(1, 2) BE &', so that u;(1, 2) B=0,
a contradiction to the assumption that B was an automorphism. Thus if



300 G. B. SELIGMAN [November

Yu—7227#0, we follow B by exp(2(u;, 0, 0, 0)) for any ¢ to obtain ¢;37#0; if
Yu—7v2=0 then y1—7v570, and following B by exp(2(0, u;, 0, 0)) makes
c13#0. In either case the reduction to oy =1 can now be made as before. Thus
we may assume a;=1 in B.

Next we show that we may assume u:(1, 2) B=u,(1, 2). First of all, follow
B by exp(2\:(0, u;, 0, 0)), 1€ C(1), adding to c12 the element —\;uiées, in
which the coefficient of #, is zero. Thus ;=1 stays fixed, and suitable choice
of the \; makes the coefficient of ; in ¢y3 into 0 for all JED(1) : cos—>cas+NiCratss.
Similarly, follow the new B by exp(2X;(0, 0, %;, 0)), ¢ C(1); then the form
of ¢y3 obtained above is unchanged, as is the property ey =1, and with suitable
choice of the \;, the coefficient of u; in ¢;3 is made into zero for each jED(1).
Thus we may assume ¢;3 and ¢y have these forms, and that ay=1. Now
operate with exp(Z)\(O, 0, 0, T)), T=E12—E55, E13—E75, Eu—Esa; the first
two of these T"’s are fixed under ¢ and ¥, and (Ey— Eg)¥ = Eyy— Egs, (Eyu— Eg5)*
=2(Ees— Er). The properties above are unchanged, and the coefficients of
Ug, Us, %4 iN C1p are replaced by 0.

Now apply exp(2\(0, 0, 0, 7)), T'=Eys— Ex, Ey— Eg5, E1s— Ess; by check-
ing 7% and TY from (19), we see that all our earlier properties of B are un-
changed, and one obtains ¢;s=u;+asus, ¢13= Ziecu) Bins, coz= Z.-eg(l) Viths.
We may thus assume that B has this form. Now apply exp(2\(us, 0, 0, 0)),
leaving the above properties fixed, and altering the diagonal by the subtraction
of a nonzero multiple of wy, if A 0. Since #1(1, 2) € §', we have diag { Y11, V22, V33 }
= 0;w1+ 0wz, and suitable choice of X makes 8;=0. Thus we may assume
c=u(1, 2)B=8w,+ (m+asus) (1, 2)+ Diccw Baui(l, 3)+ Dsecqy viti(2, 3).
From wuy(1, 2)-u1(1, 2) =0 we have ¢-¢=0; now ¢-¢ has in its (1, 2)-position
252(%1"‘(15145)"‘2613523, and the coeﬁicient Of U1 in C13Ca3 iS 0; thus 82=0. Then
the entry in the (1, 3)-position in ¢-¢ is 0= 2¢1s¢s3, Or 0= u1c03+t5U5Co3 = Yat47/2
st —ysue/2 —vsus+ D iecwkitti, from which ya=vs=",=75s=0 and css=0.
Likewise, from the fact that the element in the (2, 3)-position in ¢-¢ is zero
it follows that ¢13=0, and ¢= (s +asus) (1, 2), 0=c-c=4 diag{as, s, 0}, and
as=0, u1(1, 2)B=c=uy(1, 2). We assume this in the sequel.

Next let u,(1, 3)B=c as above; from u;(1, 2)-u,(1, 3)=0, we have
0= (u1(1, Z)B) C= ul(l, 2) -c. It follows that a5=0= 62, C13= Z,‘ep(l) B;u;,
C= Y iepa) Yithi, Where the notation is as above. Now we show that we
may assume B1=1. If B, 87, or Bs is nonzero, follow B by exp(2\(0, 0, 0, T)),
for T=Ey— Eg;, Exw—Es, Exn— Es, respectively, with suitable N, to make
Bi=1, leaving u,(1, 2) fixed. Thus our result is achieved unless Bs=;=8s=0.
If this is the case, and if 8170, follow B by exp(2\(0, 0, 0, E;,— Eg;)) to make
Bs =0, still leaving u;(1, 2) fixed; then proceed as above. Thus we may assume
either B1=1 or ¢c;3=0. In the latter case, if v,%0, 18, follow B by an
exp(2(uj, 0, 0, 0)), FED(1), j#1. Then u;(1, 2) is fixed, but the new ¢ is
- Z;epa) viuui#0 for suitable j. Hence we may assume that either 8;=1
or that ci3=0, cos=7ysus. If 8;0, apply exp(2(0, u, 0, 0)), leaving u(1, 2)
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fixed and making c¢;3%0. Consequently we may assume either ;=1 or
c=co(1, 2) +7sus(2, 3), and a5=0 by earlier observations. If a;0, i€ D(1),
1#1, follow B by suitable exp(2(0, 0, u;, 0)), jED(1), j#8, leaving ui(1, 2)
fixed and making 1370, so we may assume ciz= D tu; astt;. If ¥570, apply
exp(2(us, 0, 0, 0)), leaving #:(1, 2) fixed and making ¢;37#0. Thus either 8; =1
or ¢c= Zt.l a;u;(1, 2) may be assumed. In the second case, if a;7%0, i1,
follow by exp(2(#i44, 0, 0, 0)), leaving u,(1, 2) fixed and making 8;#0. Thus
we may assume ;=1 unless #:(1, 3)B=au:(1, 2) =oyu;:(1, 2)B; the latter is
impossible since B is an automorphism, and we may therefore assume

Br=1,c=08w+ D aw(1,2) + w(1,3) + > Ba(l,3)

16 1€D(1),9%1

+ > a2, 3).

s€D(1)

Now we show that we may assume (1, 3)B=wu,(1, 3). First operate with
exp(2N;(u;, 0, 0, 0)), 1=2, 3, 4; these leave u1(1, 2) fixed, the coefficient 1 of
%, in ¢y is left fixed, and for jED(1), 71, and =2, 3, 4, #,u;=0, —us, or
2us. Also #;u, is a nonzero scalar multiple of us, us, %1, respectively. Hence
with suitable N\; we make cy; into ysus. Next operate with exp(2\(0, 0, us, 0));
u1(1, 2) is fixed, the coefficient of #; in ¢;3 remains 1, and ¢y retains its form.
The coefficient ey of #; in ¢12 is replaced by a1 —2\, so becomes zero for
A=27ay. We may therefore assume that a;=0. Now apply exp(2\ (0, 0, 0, T))
for T=Ey—Eg, Eg— Eg, Eis— Eq. Again u(1, 2) is fixed, as is the coeffi-
cient 1 of #; in ¢35, the coefficient 0 of %; in ¢y, and, from the values of T, css
=ysus is unchanged. The values of T¥ show that for suitable A we can make
Bs = Bz = Bs = 0 and thus assume ¢ = §iwy + X ipas ass(1, 2) + (1, 3)
+vsus(2, 3). The entry in the (1, 2)-position of ¢-¢ is 4ysuius=4ysu;. But
c-¢=0, since #1(1, 3) -u;(1, 3) =0; hence vs=0. Then the entry in the (1, 3)-
position of ¢-c¢ is 28113, so 8,=0. The entry in the (2, 3)-position of ¢-¢ is now
2612u1=a2u1—a3ue+4a4u1, SO a2=a3=a4=0, and c=(aeuo+a1u7+a3us)(l, 2)
+u,(1, 3)=u,(1, 3)B. Next we observe that u;(1, 2)-u4(2, 3)=wu:(1, 3), so
that #;(1, 2)-44(2, 3)B=wu(1, 3)B=c. However, the entry in the (1, 2)-
" position of #,(1, 2)-d for any dEJ is a scalar multiple of #;. Hence as=ay
=a3=0, and % (1, 3)B=wu;(1, 3). Thus we may assume both #;(1, 2) and
ui(1, 3) fixed under B.

Now if c=u4(2, 3)B as above, we have #;1(1, 2) -c=wu(1, 3), from the last
paragraph, and #;(1, 3)-:¢=0 by (1, 3)-u4(2, 3)=0. It follows that a;=0
=0h=F=F=LF=F=rT1=T3=Yi=e=ms=as=ag=0— 0 =7, — 1. Thus
c= D iena @tti(1, 2)+ D iepw Bitti(l, 3)+ D ienw.ins Yithi(2, 3)+us(2, 3).
Now apply exp(2B:1(u4, 0, 0, 0)), leaving u1(1, 2) and #4(1, 3) fixed, and replac-
ing B1 by 0. Thus we may assume B;=0. Next apply exp(2a:(0, %;, 0, 0)),
1=6, 7, 8, leaving u;(1, 2), u,(1, 3), a3 unchanged, and replacing a; by
0, i=6, 7, 8. Thus we assume ¢=ayus(1, 2) + X ienqy,im Bstti(1, 3)+ui(2, 3)
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+ D iepw.ins Yiti(2, 3). Next operate with exp(2X(0, 0, 0, 7)), T=Ey—Eg,
Egu—En, Exp— Ea; w1(1, 2) and oy, are unchanged, and the values of 7¥ show
that #,(1, 3) and ¢;3 are unchanged. Those of 7% show that suitable values of
N make all v, 2 =1, 6, 7, into 0. Thus we may assume ¢ = oqui(1, 2)
+ D ienayim Bies(1, 3) +ua(2, 3). From ¢c-¢=0 we now have Ciaty=0=cy3us
= 2013, 50 €13=0; also ayu1us=0=onu,; hence oy =0, and c=u,(2, 3). Thus the
following may be assumed fixed under B: u,(1, 2), w:(1, 3), (2, 3).

As above, we now have u1(1, 2) -u1(2, 3)B=0=wu,(1, 3) -u1(2, 3) B=u4(2, 3)
u1(2, 3)B. It follows that if #,(2, 3)B=c¢ as above, then

¢ = (asts + arur + asus)(1, 2) + Buui(l, 3) + (yiw1 + vous + vru1)(2, 3).

From uy(2, 3)B= —wu(1, 2)-u(1, 3) B, we have o =y =as=0. Moreover, not
all of 1, e, v7 can be zero, since #1(2, 3) B#Bu:1(1, 3)B=pu:(1, 3). Now con-
sider exp(2\(0, 0, 0, T)), where T is chosen from among Ey— Egs, E3— Eqs,
Eu—Eu, Em—Eu. Then T¥= Tand T¢ iS among (Eu'—'Ess)/z, - (Elo—Ezs)/Z,
2(Es2—Eq1), —2(Ess—En), respectively. Thus (1, 2), w1, 3), (2, 3) are
fixed, and by suitable choice of A we may use one of the first two types to
make either 470 or v77#0. Then suitable choice of A and one of the last two
types makes y1=1. The first two types may then be used to make ys=7y7=0,
with y1=1. We may therefore assume u1(2, 3)B=Bu(1, 3) +u(2, 3). Finally,
an application of an appropriate exp(2\(us, 0, 0, 0)) makes B, into 0 and
leaves all other properties of B fixed. We may therefore assume u;( 7, k),
1=j<k=3, and (2, 3) fixed under B.

From ul(l, 2) '“4(1, 3)B = —u1(2, 3), 141(2, 3) ’144(1, 3)B =0=u1(2, 3)
‘us(1, 3)B=u(2, 3)-us(1, 3)B, it follows as above that us(1, 3)B
= (orstts+orruz) (1, 2) + (Brwr+ua) (1, 3) + (v1sa +veus +v7%1) (2, 3). Now operate
with exp(2\(0, 0, u;, 0)), 2=6, 7. The u1(4, k) and (2, 3) are fixed and for
suitable values of A the coefficients as, oy are replaced by 0. Thus we may as-
sume ag=ay=0. Next operate with exp(2\(0, 0, 0, 7)), T=Eg—Ess; T¥=T
and T*= —(Ex — Ew)/2, so that all u,(j, k) and u4(2, 3) are fixed, and (1, 3) B
is changed only by the replacement of B; by ;+\. With A= —B;, we make B
into 0, and may assume (1, 3) B=u4(1, 3) + (yius1+7ystts+v7%1) (2, 3). Since
this element must have square zero, ys=v7=0; from us(1, 3)B=u,(1, 2)B
(2, 3), it follows that v;=0, and u(1, 3) may also be assumed fixed
under B.

Next consider (1, 2)B. From ui(1, 2)-uy(1, 2)B=0=u,(1, 2)B-u,(2, 3)
=uy(1, 2)B-uy(1, 3), and from uy(1, 2)B-us(1, 3) =uy(2, 3), us(1, 2)B-u,(2, 3)
=u4(1, 3), we see as before that u(1, 2) B = (us+asus+arus) (1, 2) +B(l, 3)
+ vmu(2, 3), and from w1, 2)B-u(1, 2)B = 0, that B, = 0. Now
exp(2X(0, uy, 0, 0)) leaves fixed all u1(j, k), as well as u,(1, 3) and %(2, 3); in
u4(1, 2)B it replaces v; by y1+), so-that A= —+; makes v; into 0, and enables
us to assume %y(1, 2) B = (us+aus +arur) (1, 2). Now apply exp(2X(0, 0, 0, 7)),
I'=FEz3—Es, Egss— Eyr; then all our fixed elements remain fixed, the form of
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us(1, 2)B is unchanged, and we can make as=a7;=0 by suitable choices of \.
Thus we may assume all %,(7, k) and all u,(j, k) fixed under B.

From ul(l, 2) "ua(l, 2) =0=us(l, 2) ‘ul(l, 3) =u3(1, 2) ‘“1(2, 3) —2141(1, 3),
we have ug(1, 2)B = (asus+anur+us) (1, 2)+Bu(1, 3) +(ywr+yeus+yma) (2, 3).
Now apply exp(2\(0, 0, 0, 7)), T = Esy— Eg1, Eu— Ess; all 41(j, k) and u4(j, k)
remain fixed, and suitable choices of A make as and a7 into 0. Next, applying
exp(2\(0, 0, u1, 0)) does not change any (4, k), u(j, k), o or a7, and for
A= —pB1/2 replaces §; by 0. We may thus assume us(1, 2)B=us(1, 2)
+ (v1m1+veus +v7%1) (2, 3). The fact that us(1, 2) has square zero now implies
y1=0, and %,(2, 3) =us(1, 2) -u4(1, 3) yields ys=+v7=0. Hence we may assume
us(1, 2)B=wus(1, 2), giving another basis element fixed under B. From
u(1, 2)-us(1, 2) =2(w1+2w,+2I)/3, we see that w,+2w,+21 is fixed under
B, hence that w;+ 2w, is fixed under B.

Now we find as above that #s(2, 3) B = (asus +arur) (1, 2) + (Bsus +Bru7) (1, 3)
+ (y1u1+us) (2, 3). Applying exp(2\ (%, 0,0, 0)),2=6, 7, leaves u1(j, k), #s(j, k)
and us(1, 2) fixed and for suitable values of \ gives fs=87=0. Thus we may
assume Bs=pB7=0. Applying exp(2\(0, 0, 0, T)) for T = Ey;— Ey leaves these
coefficients unchanged, as well as #;(j, k), #4(j, k) and %5(1, 2), and for suitable
A makes v; into 0. Thus we may assume #4(2, 3) B = (asts +ayus) (1, 2) +us(2, 3).
From the fact that us(2, 3) has square 0, =a7=0, and #s(2, 3) may also be
assumed fixed. Then u4(2, 3)-u3s(2, 3) is fixed, so 2w, +w; is fixed as above. It
follows that w; and w; are both fixed. From us(1, 2)-us(2, 3) =2us(1, 3) it
follows that ug(1, 3) is fixed. Thus wy, s, and %,(j, k), i=1, 4, 8, may be as-
sumed fixed under B.

Now as before we find that u5(1, 2) B = (ous1+us+osus+arur) (1, 2), and
from wug(1, 2)-us(1, 2)=0, that a;=0. Now apply exp(2\(0, 0, 0, T)) for
T=Ey—Eg, En—Egr to make ag=a;=0, while leaving fixed all #(j, k),
1 =1, 4, 8. Thus we may assume us(1, 2) fixed under B. Since 2u;(1, 3)
=ug(1, 2)-us(2, 3), —2us(2, 3)=us(1, 2)-us(1, 3), all us(4, k) are fixed, and
all of wy, w,, 4;(4, k), =1, 4, 5, 8 may be assumed fixed.

As before, we now have u(1,2)B= (aaus+asus)(1,2). Now apply
exp(2\(0, 0, 0, 7)) for T=Ey—Ez, Eyn—Egr to obtain first az#0, then
az=1, then a;=0, as in similar situations previously. All elements formerly
fixed remain fixed, and u.(1, 2) is now fixed. Thus we may assume %,(1, 2)B
=uz(1, 2). From uz(l, 2) -u4(2, 3) =u2(1, 3), 142(1, 2) '“4(1, 3) = —uz(Z, 3),
uz(lr 2) 'ul(zr 3) = _u7(1» 3)/2' ‘uz(l, 2) ‘141(1, 3) =u7(2’ 3)/21 uz(lv 3) ‘“1(2, 3)
=u7(1, 2)/2, we see that all u,(j, k), u:(j, k) are fixed, therefore that all
u;(j, k), 13, 6, may be assumed fixed.

It now follows as above that us(1, 2) B = (asu2+us)(1, 2). Then we apply
exp(—2a:(0, 0, 0, Ey;— Eq7)), without changing any of our fixed vectors, to
obtain a, =0, i.e., #s(1, 2)B=u3(1, 2). As in the case of #s(1, 2) it follows that
all u3(j, k), us(j, k) may be assumed fixed. Thus B has been reduced to the
identity, we have shown that A®A4A-1=%A(3), and therefore G'=9(2) =A(R)
2~%(3). In summary, we have the
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THEOREM 3. If R is the Lie algebra of derivations of the split exceptional
Jordan algebra & over a field of characteristic different from 2, 3, 5, 7, 11, 13,
then every automorphism of & is an invariant automorphism; in fact, the auto-
morphism group U(R) is generated by all exp(\ ad(X)), where X runs through
a set of root-vectors relative to a fixed standard Cartan subalgebra. The identifica-
tion of the simple group G’ of Chevalley, formed over the field § from a complex
Lie algebra of type Fy, with such a subgroup of A(Y) shows that G'=9(R)
=AQ)2A(Y), the group of automorphisms of 3.

5. Norm-skew transformations of &. Let & be the split exceptional Jordan
algebra over the field § of characteristic #2, 3. If a=diag{au, oz, asa}
+a12(1, 2) +a13(1, 3) +a25(2, 3) €S, set Tr(a) =an+azn+as;. Then one readily
verifies that (a, b)=Tr(a-b) is a symmetric bilinear form on &, and is asso-
ciative (invariant) in the sense that (a-c, b)=(a, c-b) for all a, b, cEZ. The
form is nondegenerate; for if b=diag{ B, Baz, 1333} +b1(1, 2)+bis(1, 3)
+b23(2, 3), then

(a, ) = 2(a1Bu1 + @29820 + assBss) + 4[(@12, b12) + (@13, b1s) + (aszs, b2s)].

Thus if (a, b) =0 for all b, we must have a11811 + 2822 +az3B3s = 0 for all Byy, Baz, Bas
E€§, hence au=oan=au=0; also (g, b;;) =0 for all b;;EE, hence all a;;=0
by the nondegeneracy of the form on €, and a=0.

We have seen in §1 that Tr(aD) =0 for all € & and all derivations D of &.
Thus

(29) 0= Tr((e:d)D) = Tr((¢-bD) + (aD-d)) = (a, bD) + (aD, b)

for all ¢, bE &, and every derivation of Q is skew with respect to (a, b). From the
associativity of (a, b), it follows that the trilinear form 7(a, b, ¢)=(a-b, ¢) is
a symmetric function of its variables; for 7(a, b, ¢) =7(b, a, ¢) by commutativ-
ity in &, and 7(a, b, ¢) =7(c, b, &) by associativity and the symmetry of (a, b).
The result follows. Following Freudenthal [4], we define a modified trilinear
form by

(a" b’ C) = T(d, b’ C) - Tl'((l)(b, 6) - Tl’(b) (a: C) - Tr(c)(a, b)
+ 2Tr(a)Tr(d) Tr(c).

This form is evidently symmetric. If a€ & and if D is a derivation of &, then
(@, @, aD) = 7(a, a, aD) — Tr(e)((eD, a) + (a, aD)) — Tr(aD)(a, a)
42 Tr(eD)Tr(a)?*=7(a, a, aD) by (29) and the fact that Tr(aD)=0. Now
7(a, a, aD)=Tr(a-(a-aD))=Tr(a-(a-a)D) —Tr(a-(@D-a)) =Tr((a-(a-a))D)
—Tr(aD:(a-a))—Tr(a:(@D-a))=Tr((a-(a-a))D)—7(aD, a, a) —7(a, aD, a),
or by the symmetry of 7, 3r(a, @, aD)=Tr((a-(a-a))D) =0 by §1, and thus
(a, a, aD) =0. Polarization yields

31) (aD, b, ¢c) + (a,bD, ¢c) + (a, b,¢D) =0
for all @, b, cE S and all derivations D of &,

(30)
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Conversely, if D is any linear transformation of & which is skew with
respect to both the bilinear and trilinear forms, then D is a derivation of J.
For, first of all, Tr(aD)=0 for all a€S; this follows since (I, ID)=0
=Tr(I-ID)=2 Tr(ID) gives Tr(ID)=0, and then (¢, I, ID)+(a, ID, I)
+(aD, I, I)=0 yields 0=2 Tr(a-(I-ID))+Tr(aD-(I-I)) —2 Tr(a)Tr(I-ID)
—Tr(aD)Tr(I-I)—2 Tr(ID)Tr(a-I)—2 Tr(I)Tr(a-ID)—2 Tr(I)Tr(I-aD)
+4Tr(a@)Tr(ID)Tr(I)+2 Tr(aD)Tr(I)?= —2(a, ID)+4 Tr(aD) = — 2(a, ID)
— 4 Tr(@eD) + 8 Tr(eD) = — 2(a, ID) — 2 Tr(aD-I) + 8 Tr(eD)
= —2((a, ID)+(aD, I))+8 Tr(aD)=8 Tr(aD). Thus Tr(aD)=0. Then for
a, b, ¢ arbitrary in &, we have ((¢-b)D—a-bD—aD-b, ¢)=—(a-b, cD)
—(a-bD, ¢)—(aD:-b, ¢c)=—1(a, b, ¢cD)—71(a, bD, ¢) —7(aD, b, ¢) = —(a, b, ¢D)
+Tr(e)(d, cD)+Tr()(a, cD)—(a, bD, ¢)+Tr(a)(dD, ¢)+Tr(c)(a, bD)
—(aD, b, ¢)+Tr(b)(aD, c)+Tr(c)(aD, b), the remaining terms vanishing be-
cause Tr(aD)=Tr(bD)=Tr(cD)=0. By (31), this is Tr(a)((b, ¢cD)+(bD, c))
+Tr(b)((a, ¢cD)+(aD, ¢))+Tr(c)((a, bD)+(aD, b)); by the skewness of D
with respect to (x, ¥), this quantity vanishes. From the nondegeneracy of
(x, ¥), it follows that (a-b)D —a-bD —aD-b=0, thus that D is a derivation
of S. ‘

Next let d€ &, Tr(d) =0, and consider (a, a, a-d). A lengthy but straight-
ward computation in € shows this to be zero. Then for alla, b ,cE S, (a-d, b, ¢)
+(a, b-d,c)+(a, b, c-d)=0, and the right multiplication R; satisfies (31).
In place of (29), we have

(32) (aRq, b) = (a-d,b) = (a,d-b) = (a,b-d) = (s, bRy),

or Ry is symmetric with respect to the bilinear form.

Now let & be the space of linear transformations of & satisfying (31).
Then ¢ is a Lie algebra, and if the characteristic of § is a prime p(> 3), then
T*&for all TEQL [10], and so L is a restricted Lie algebra under pth iterates
in this case.

If R and S are symmetric linear transformations of & with respect to
(x, ¥), then [RS] is skew. In particular if a, 5E 3’, then [R,Rs] is skew with
respect to both the bilinear and trilinear forms, hence is a derivation of
by the above. Moreover, if aEJ and if D is a derivation of &, we have
aDE Y, and [R,D]=R,p. Since (x, y) is nondegenerate on &, the only trans-
formation which is both skew and symmetric with respect to this form is 0.
If D denotes the derivation algebra of &, we thus have DN\ Rg=(0), where
the meaning of Rg is clear. Therefore Ry +D=Ry DD, and is a Lie-sub-
algebra of € by the remarks above. We prove that 8= Ry ®D (observation
of some of our later remarks will show that { is generated by Rg-).  will be
called the Lie algebra of norm-skew transformations of .

If T€g then (I, I, IT)=0=Te(I-I)-IT) — 2Tr(I)Tr(I-IT)
—Tr(ID)Tr(I-I)4+2 Tr(IT)Tr(I)*=4 Tr(IT). Thus ITEZY'. Now consider
D=T—Rir/2ER We show DED. If a€ J, we have (aD, a, I)+(a, aD, I)
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+(a, a, ID)=0, or 2(a, aD, I)+(a, a, IT)—(a, a, I-IT)/2=0=2(a, aD, I),
or (g, aD, I)=0. But (g, aD, I)= —(a, aD)+2 Tr(aD)Tr(a). Thus (a, aD)
=2 Tr(aD)Tr(e). From ID =0, we have further that 0= (aD, I, I)+(a, ID, I)
+(a, I, ID)=(aD, I, I)=4 Tr(aD), so that Tr(aD)=0, and (a, aD) =0 by
the above. Thus D is skew with respect to (x, ¥), so is a derivation of J. We
thus have

33) T=D+ Runpr €D & Ry,

and L=DO Ry, as asserted. It follows that & has dimension 78 (since
I€ 3, R,=R, implies a=>). We now show that & is the simple Lie algebra
of classical type Eg over §.

In notations already established in §1, the linear span of the derivations
(0,0, 0, H;), 1 =4<4, is a Cartan subalgebra of D. In g, let $ be the subspace
spanned by these four derivations and by the multiplications ks=R.,,
hs=R.,,. We show that § is an abelian Cartan subalgebra relative to which
(i)-(v) of [8] are satisfied, and we shall display a fundamental system of roots
relative to  which is of type Ee. The simplicity of € will then follow im-
mediately.

From §1, we see that each w;, j=1, 2, is annihilated by each of the deriva-
tions #;=2(0, 0, 0, H;), 1<i=<4, hence that [h;h;]=0, j=5, 6, 1Si<4, by
[R.D]=R.p. Now we know that [hshs] is a derivation D = (bys, bis, bas, T),
where w,D=bi(1, 2)+bis(1, 3)/2—bx(2, 3)/2, c(1, 2)D=diag{yu, Y2, s}
+ (), 2)/2+cs(1, 3)+ca(2, 3), for some 7y, cir. One readily calculates
that w1[h5h51=0=6(1, 2) [h5he], so that bie=b13="bs3=0 and T=0; i.e., D=0,
and P is a 6-dimensional commutative subalgebra. We also note:

(1, 2)ks = 0; c(1, 2)ks = ¢(1, 2); wiks = diag{2, 2, 0};
(39) wahs = diag{0, —2, 0} = wihe; wohs = diag{o, 2, 2};

c(1,3)hs = ¢(1,3) = — ¢(1,3)ke; ¢(2,3)hs = — ¢(2,3); ¢(2,3)hs = 0.
Moreover, if D is of the form (0, 0, 0, T), we have [k;D]=0, i=5, 6. Then,
as T runs through the 24 transformations of €: E;j—E;j4 14, 1#j; Eip,;
—Ej14,4,8<j; Ei jya— Ej i1, 1<j; 1 54,7 <4, asin §1, we have linear functions
Y1, ¢+, Y12 on § with vi(hs) =0=17.(he), 15412, and where v:(h;) has
one of the forms 8,;—0,j, —0m;j—0s; for fixed m, n, 1<m<n=4, and all
j» 1=<j =4, such that [(0,0,0, T), k] = +v(%)(0, 0, 0, T) for all T above, where
v runs through 1, « - -, 712, and where each (0, 0, 0, T) corresponds to a
different function from +v1, - - -, *7y12.

Fora €€, weleta(l) =Raq,2, (2) = Raq,3), 3(3) = Ry2,5 L. Then we have

[ut(l) + 2(“‘3 0,0, 0)’ ht] = ui(l) + 2(“‘7 0) 0, 0),
(35) [“i+4(1) * 2(“.'.'.4, 0) 07 O)) ht] = - (ui-H(l) + 2(“i+4) O) 0) 0)):
[w:(1) £ 2(u;,0,0,0), 5] = 0= [4:44(1) £ 2(8:44,0,0,0), &;],
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1<1, j<4, 15#j. These follow readily from §1 and [R,D]=R.p.

We also have in general [5(1) +2(3, 0, 0, 0), hs] = [Roq.2%5] F 2Ruy0.0.0,0)-
Now wi[b(1), ks]=—diag{2, 2, 0}b(1)= —4b(1, 2)=—2w,(2(b, 0, 0, 0)),
while for c€C, (c(1, 2)[6(1), k5])12=0 is readily checked. Thus the derivation
[b(l), hs] is —4(b, 0, 0, O) AlSO, wl(b, 0, 0, 0)=b(1, 2), SO Rwl(b,o,o,o)-—-—b(l),
yielding, together with analogous computations for s,

[b(l) + 2(5, 0, 0, 0), hﬁ] =F Z(b(l) + Z(b’ 0, 0, 0)),

(9 () ; 26, 0,0, 0), k] = £ (1) % 2(3, 0, 0, 0)).

Thus as b runs through the basis %, - - -, ug of €, we have 16 distinct linear
functions 7y on H with [6(1) £2(b, 0, 0, 0), k] =~ (k) (5(1) £2(b, 0, 0, 0)) for all
h€ 9. These consist of eight functions 713, - « + , 20 and their negatives, with
vi(hs) = — 2, vi(he) =1, 135716, and with v;(hs) =2, v;(he) = —1, 17 S < 20.
For 13<j<16, we have v;(h;) =08;_12,;, 1574, and for 17<;j=<20, v;(k:)
=6j_m,¢, 1=:1<4. For 15154, u.~(1)+2(u;, 0, 0, 0) belongs to Yit12, u.+4(1)
—2(%4444,0,0,0) to —7:s12, %:(1) —2(;, 0,0, 0) to Yisae, #i34(1) +2(%i44, 0, 0, 0)
to —Yise.

Similarly, we have eight linear functions v, « - -, ¥2s on 9, with v;(hs)
=—1/2+0;20, 2157524, 15954, v,(hs)=—1=7,(hs), 21=5j<24, and
with v;(hs) =1="7,(he), 25 <28, vj(h:) = —1/248;_u,: 2557528, 1 Si<4.
For 1=:<4, u,(2)+2(0, u; 0, 0) belongs to 7420, ui4(2) —2(0, Ui, 0, 0) to
—Yir20, %i(2)—2(0, us, 0, 0) to vy, %i+a(2)+2(0, %is, 0, 0) to —7Yirm.
Finally, there are eight linear functions v, - « -, ys on 9, with v;(hs) =1,
Vilhe) = —2, 2957=32, vi(h)=—1/2408;0s:+bss, 2957531, 1=5i<4,
va(hi) = —1/2, 12454, and with v;(hs) = —1, v;(he) =2, 335736, v;(hs)
=7;-(hi), 335j<36, 1 =i<4. For 1514, u,(3)+2(0, 0, u;, 0) belongs to
Viras, %i44(3) —2(0, 0, %i44, 0) tO —7Yizas, #:(3) —2(0, 0, u;, 0) to Yisss, %ira(3)
+2(0, 0, %44, 0) to —7vi432. (These formulas are derived from (14), (34), and
the formulas (2) for Hf and HY, 1<i<4)

It follows as in §1 that $ is an abelian Cartan subalgebra of { relative to
which £ is the direct sum of $ and the 72 one-dimensional root-spaces L,
where a runs through +7y, - - -, +7v3. Since the roots « span *, one sees
as before that the center of € is zero. To see that [22]=® it will be enough
to show that §C [22]. This will follow when we show that each [*_.2.]50,
hence is one-dimensional, for here the proof will show that [22] contains all
hiy 15iZ6.

Now [u:(1), ui14(1)], 1454, is a derivation sending w; into 0 by (34),
and a(1, 2) into 4(e, u)uira(1, 2) —4(a, wirdui(l, 2). Thus [ui(1), uin(1)]
=(0, 0, 0, T), where aT=8(a, #;)%:ra—8(a, uire)u; But this means that
I'=—8H;, since u;T=0= —8u;H;, j#i, i+4, u;T=—8(u;, usp)ui= —8u,;
= —8u,~H;, and u.-+4T= 8(“.‘.‘4, u.-)u,-+4= 8u¢+4= —8u.-+4H.-, 1§t§4 We also
have [ui(1), (#iss, 0, 0, 0)]=Ruitt,0wise0.0.00= (diag{ -2, 2, 0})/2=—hs,
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[%:14(1), (4, 0, 0, 0)] = —hs, and [(u;, 0, 0, 0), (%44, 0, 0, 0)]= (0, 0, 0, V),
where aU=2(a, #ip)u;—2(a, u)uisa=2aH; or U=2H;. Thus

(37 [u‘(l) + 2(u;, 0, 0, 0), %ir4(1) F 2(%i44, 0, 0, O)] = =+ 4hs — 8k,

1<71=<4. By our results of §1 on D, namely that z;,E [SD@], 1=<1:=4, it follows
that k& [22], and with the results of that section and (37), that [R_.2.] is
one-dimensional if a is among 71, : -, Y2 Similarly, we' have
[#:(2) £2(0, u;, 0, 0), %ia(2) F2(0, %ips, 0, 0) ] =D;F 2Ru;0.90.8540.0.0)
F2Ru; 1@ (0,us.0,0, Where D;€D and 1=<i=<4; also

[4:3) % 2(0, 0, s, 0), wsra(3) F 2(0, 0, ti14, 0)]
= E; F 2Ru; 2,8 0.0.u546.0 T 2Ru; 290,000, 1 =1 = 4, where E; € D.
From (9), we find that
u:(1, 3)(0, %44, 0, 0) = u:44(1,3)(0, %;,0,0) = — (w; + ws), %:(2, 3)(0, 0, %:44, 0)
%:+4(2,3)(0,0, %;,0) = — w,,

hence that
[#:(2) + 2(0, u;, 0, 0), %;14(2) F 2(0, %14, 0,0)] = D; + 4(hs + he) # 0,
1<i<4,
[#:(3) £ 2(0, 0, u;, 0), %ir4(3) F 2(0, 0, #i44, 0)] = Ei + 4hs 5 0.

This completes the proof that every [2_.2.] is one-dimensional; we also see
that k€ [22], hence that $C [22] and [22]=4. If the characteristic p of §
is not 5, and if «, B8 are roots relative to the Cartan subalgebra $ with 80,
then not all a+mfB (m an integer) are roots, by the fact that there are only
five possible distinct values for each y(k;), where v runs through all roots
(readily seen from the list of roots above). If p =35, the same conclusion can be
reached by checking cases. Thus £ and $ satisfy the conditions (i)—(v) of [8]
for a Lie algebra of classical type.

We now show that  is simple of type E¢. Namely, let oy = —7, the root
to which us(1) 4+ 2(us, 0, 0, 0) belongs; let a2 be the root to which
(0, 0, 0, Esy— Eg) belongs, as the root to which (0, 0, 0, Es— Eg7) belongs,
oy the root to which (0, 0, 0, E4— Eg) belongs, as="3, the root to which
u4(3) +2(0, 0, u4, 0) belongs, ag the root to which (0, 0, 0, Eis— E+s) belongs.
These form a basis for $*, and no a;—«a; is a root for 274. They are a system
of roots with diagram Eg:

1
O W U A% ‘o

asg oy ag
Since the diagram is connected, € is simple [8, Theorem 8]; since the system
is of type E, it is fundamental in the sense of §10 of [8] (see Case 4 of the
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proof of Theorem 7 there), and ® is the (normal) simple Lie algebra of type
Eg over § in the classification of [8]. With Theorem 9 of that paper, we have
the

THEOREM 4. If the base field § is of characteristic different from 2 and 3, the
Lie algebra 8 of norm-skew transformations of the split exceptional Jordan alge-
bra & over § is a normal simple Lie algebra of classical type E¢. Thus any
simple Lie algebra of classical type Eq over § is isomorphic to L.

6. The enveloping algebra of the norm-skew algebra. To apply the device
of Lemma 1 of [10] to conclude the feasibility of working with exponentials
for all but a few low characteristics, we next prove the following analogue of
the Lemma 1 of §2:

LeEMMA 2. #4=C(3), the algebra of all linear transformations of &.

Proof. We take for & the basis I, wy, we, 4;(j, k), 1S1<8,1<5j<k=<3,and
proceed to show that € contains all the matrix-unit transformations relative
to this basis. As in §2, ¥ CL+! for all j=1, since ¥=[f2]CR2. With
A=(0,0,0, T) a root-vector belonging to one of 71, - - -, +71, and with
B also of this form, we see that £ contains 4B, and among the products
AB are the matrix units E(u;(j, k), #iys(j, k)) and E(u.i(4, k), u:(j, k),
15154, 15j<k=3. For (0, 0, 0, T)(0, 0, 0, U) sends diag{al, as, az}
+am(1, 2) +013(1, 3) +023(2, 3) into (duTU)(l, 2) + (alaﬂU‘b)(l, 3)
+(asT*U%)(2, 3). The result now follows by an easy computation. Still
letting A =(0, 0, 0, T) as before, and letting B run through the remaining 48
root-vectors, we find among the products 4 B scalar multiples of the following
matrix units: E(ui(1, 2), u;(1, 3)), jEC(»), 1=i< 8; E(u;(1, 2), u;(2,3)),
jEC(i), 7‘5647 8; E(ut(lr 2)) ui(zv 3))’j€D(1')v i=4’ 8; E(ut(I’ 3)) ui(lr 2));
jEC(’L), 1§7’§81 E(ut(lv 3)1 14,(2, 3))’ jecl(i)r 1'7547 8; E(ut(lr 3)1 uJ(Zr 3))1
JED'(4),i=4, 8; E(ui(2, 3), 4;(1, 2)), jEC' (1), 1 =i=8; E(u:(2, 3), 4;(1, 3)),
FJEC'(3), 14, 8; E(ui(2, 3), u;(1, 3)), JED’'(3), 1=4, 8.

Following these matrix-unit transformations by elements of the form
A=(0,0,0, T), we see that 3 contains all E(u;(j, k), u:(§', k')), except pos-
sibly for the matrix units E(u;(j, k), u:(j, k)). Now for 1<1<4, we have
E(ui(l» 2), ui—H(l’ 2))682v and E(u.(l, 2)v ui—H(l’ 2))(u,(1)+2(u., 0,0, 0)) is
a nonzero scalar multiple of — E(u;(1, 2), wi) +E(u:(1, 2), w2) +E(u;(1, 2), I);
hence the latter is in €3, as is E(u;(1, 2), u;y4(1, 2))(u:(1) —2(us, 0, 0, 0)), a
nonzero scalar multiple of 2E(%;(1, 2), w) +E(ui(1, 2), w,) + E(u;(1, 2), I). It
follows that E(u;(1, 2), ) €R3, E(u;(1, 2), wo) +E(ui(1, 2), NEY, 15154,
A symmetric argument shows that this result holds for 1<7<8, and one
likewise proves that with jEC(1), 1 <=4,

E(ui(17 2)> ui(l’ 3))(”:4-4(2) + 2(0) Ujtay 0) 0)) e 837
yields E(u;(1, 2), w) +2E(u;(1, 2), ws) —E(u:(1, 2), I) EL3. With the above,
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we have E(ui(1, 2), wy) and E(u:(1, 2), I)ER, 1=:=8. Similarly, all
E(u:(j, k), w1), E(u:(j, k), we), E(u:(4, k), I) are in 3. Using products of the
form (u;(1) +2(u;, 0, 0, 0))E(%(1, 2), u:(j, k)), where the second factor is one
of our matrix units in 8%, and similar products

(“1(2) + 2(0; Us, O, 0))E(ut(1: 3)’ “i'(j) k));
(u.(3) + 2(Oy 0) Ui, 0))E(ut(2’ 3); “i'(j’ k))’

we find that ¢ contains all the matrix units E(w,, (4, k)), E(we, u;(j, k)),
E(I,u:(j, k)). From the fact that E(u;(j, k), #i14(j, k)) and E(u;44(4, k), #:(j, k))
are in & for 1454, we see that ¢ contains E(u;(j, k), u:(j, k)), 158,
1=j<k=3.

Now it has been shown that for w=w, w,, I, we have E(w, u,(j, k)) EL.
Thus E(w, u1(1, 2)) (us(1) +2(us,0,0,0)) and E(w, u:1(1, 3)) (u5(2) +2(0, u5, 0, 0))
are in {4; it follows that ¢ contains —E(w, w)+E (w,w)+E(w,I),
—2E(w, w1) — E(w, wy) — E(w, I), — E(w, w1) —2E(w, ws) + E(w, I), and there-
fore that all three of E(w, w), E(w, w.), E(w, I) are in ®4. Thus all matrix
units are in 24, and 84=E(J), as asserted.

It follows that the only linear transformations of & which commute with
all elements of § are the scalars. For each of the 72 root-vectors E,EQ as
above we have E2=0, hence exp(\E.) = I+\E,.. More generally, if E, is a
root-vector relative to any standard Cartan subalgebra of &, we have
(ad(E.))*=0, and E, is nilpotent. From this and the fact that @=GE(3) it
follows by Lemma 1 of [10] that E2=0. Since we wish to use the result (7) of
[10] for trilinear forms, we are led to assume that the characteristic of § is
different from 2, 3, 5, 7, 11, 13, 17, 19, 23. In the sequel we assume this re-
striction on the characteristic.

7. Automorphisms of the norm-skew algebra. From §1 of [10], it now
follows that the group of invariant automorphisms 9(®) of ® is a (normal)
subgroup of the group of all mappings X—A4-'XA4, where 4 is a nonsingular
linear transformation of & such that (x4, y4, z4) = (x, y, 2) for all x, v, 2E .
In fact, if 4 is any linear transformation of & such that (x4, y4, 24) = (x, y, 2)
for all x, ¥, 2E S, then A is nonsingular; for if x4 =0, then 0= (x4, I4, IA)
=(x, I, )=4Tr(x), or x€ . If yE', then 0= (x4, yA, IA)=(x, y, I)
=—Tr(x-y)=—(x, ). Thus x€J’ and (x, y) =0 for all yE 3'. But we have
seen that (g, b) is nondegenerate on &, and therefore also on the orthogonal
complement 3’ of the nonisotropic subspace FI. Hence x=0, and 4 is non-
singular. ‘

Moreover, by §6, if X =A4-1XA4 for all XE&, then 4 =\I, A\E§, and if
for this 4, (x4, yA4, z4)=(x, ¥, 2) for all x, y, 2E F, then A3=1E§. Since
the group ® of all linear transformations A of & such that (x4, y4, 24)
= (x, , 2) for all x, y, 2 contains the exp(E.) = I+ E., where E, runs through
the root-vectors relative to $ in £, and since every transformation of &
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which commutes with all these commutes with all E,, hence with all of (&)
by §6 and the fact that these E, generate &, we see that the center 3 of &
consists of the mappings A, AE§, A*=1. Thus the group of invariant auto-
morphisms of € may be regarded as a (normal) subgroup of the group ®/3.

If T is a linear transformation of &, we denote by T* its adjoint with re-
spect to the trace form (x, ¥)=Tr(x-y): (xT, y) =(x, yT*) for all x, yE 3.
Then D*= —D for all DED by (29) and R} =R, for all aE S by the asso-
ciativity of the form. Since =D ® Rg-, the mapping T— — T* maps L onto
itself, is the identity on D, and is the negative of the identity on Rg.. More-
over it is evidently an automorphism of £ Next we show that this automor-
phism is not of the form X—A—-1XA4, where 4 is nonsingular in €(S). For
then we should have DA =A4D for all DED, R,A=—AR, for all a€ H'.
Therefore if a€Q’, 204 =(-a)A=(IR,)A=—(IA)R,= —(IA)-a= —aRya.
Thus a4 = —aR;4/2 whenever a€E Y. It is also clear that T4 =IR;4/2. If we
set b=IA/2, we have (\[+a)4 =N[Ry—aRs, where AEF, a€Z'. If DED,
then [AD]=0, so that 0= (\I+a)[AD]=NI[AD]+a[AD]. With a=0, we
see from ID =0 that N\IAD =0=2\bD for all \E§, hence that bD =0 for all
DcD. If b=BI+b’, BEF, b'EY’, then b'D =0 for all DED. But we have
seen in §2-that D*=E(Y’), so that b'=0, b=BI, (N[ +a)4A =2B\I—2fa.
Next, taking A=0, e=w,EY’, we have (wi-w)d=w1R,4d=—wAR,,
= 2Bw1 Ry, = 2B (w1 - w1). However, w;-wy =2(21 4w+ 2w,) /3, so that (w,-w,)4
=4B(2] —wy—2w,) /3#2B(w,-w1) unless B=0. This implies 4 =0, contrary
to the assumption that 4 is nonsingular. Hence the automorphism X— — X*
is not of the form X—A-1XA4.

In case § is algebraically closed, we have seen in [9] that the index of
the group 9(R) in the full automorphism group A(R) is either 1 or 2. Since
the automorphism X——X* is not in 4(2) by the above, this index is 2.
Since X——X* is not in the group of automorphisms X—A4-1X4, A€,
and since this group contains 9(2), we see that it must coincide with 4(2).
Thus every automorphism of € is either of the form X—A-1X4, where
AEG®, or of the form X——A"1X*4, where AE€®. The group 9(R) is
isomorphic to &/ 38, and consists of all automorphisms of € of the former of
these types.

If § is not algebraically closed, let ® be its algebraic closure, and consider
L9, which as in previous cases is the Lie algebra of type Eq formed from the
split exceptional Jordan algebra Qg by the above process. Every automor-
phism ¢ of € extends to a unique automorphism of 2g, which is either of the
form X—A-'X4 or of the form X——A—1X*4, where A preserves the norm
form in §¢ and where X* is the adjoint of X with respect to the trace form
in Sp. Since the trace and norm forms in $¢ extend those in &, we see that
every automorphism ¢ of € is either of the form X—A4-1XA4 or of the form
X——A"1X*A ,where A isalinear transformation of $gsuchthat (x4, y4,z4)
=(x, 9, 2) for all x, y, 2EJ. As in §3, it follows that either X*=B~-1XB for all
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X€EL or X*= —B~'X*B, where B is a nonsingular linear transformation ot
3. As before, we have BeA—1=NI, A& R, Bp=MA4, so that for x, y, 2E S,
(xB, ¥B, 2B) = (xBg, yBg, 2Bg) =\(xA4, yA, zA) =\%(x, y, 2). Since B is non-
singular, some (xB, yB, zB)#0, and N*€§. Thus there is a nonzero SEF
such that (xB, yB, zB) =f(x, ¥, 2) for all x, y, 2E 3. If we let B be the group
of all linear transformations of & with this property, we see that every auto-
morphism of ¢ is either of the form X—B-'XB, BES®, or of the form
X——B~1X*B, BE® (but not both, by the second previous paragraph).
The center of B commutes with all elements of &, hence consists of all non-
zero scalars NI, AE§{, and the automorphism group A(R) is the semi-direct
product of B8/F*I by the cyclic group of order 2 generated by X——X*. To
summarize:

THEOREM 5. If the characteristic of § is zero or a prime greater than 23, and
if ® is the Lie algebra of all norm-skew transformations of the split exceptional
Jordan algebra 3 over §, then every automorphism of ® is of one and only one
of the forms X—B~'XB, X——B~'X*B, where X* is the adjoint of X with
respect to the bilinear form (x, y)=Tr(x-y) in &, and where BE B, the group
of all linear transformations of I such that for some 870 in §, (xB, yB, zB)
=B(x, y, 2) for all x, y, 2EJ. If § is algebraically closed, B may be taken from
the subgroup & of B consisting of those BEDB for which B=1, and the trans-
formations X —B'XB, BE®, constitute the group of invariant automorphisms
of . The automorphism group of L is thus the semi-direct product of the group
B/T*I and a cyclic group of order 2; if § is algebraically closed, we can replace
B/T*I by the isomorphic group &/ 3, where = {NI[|\i=1}.

8. Generation of the group ® of norm-preserving transformations. Finally
we show that 9()==®/38 in all cases by showing that @/ 3 is the subgroup
G’ of 9(?) studied by Chevalley [2], that is, the subgroup generated by all
exp(ad(E,.)), where E, runs through all root-vectors belonging to nonzero
roots in one standard Cartan decomposition of 2. The simplicity of ©&/3
(and of 9(®)) will then follow by Chevalley’s results. (In unpublished work,
Jacobson has proved the simplicity of /3 by more direct methods.) The
construction of Chevalley starts with a simple complex Lie algebra of type
Eg and obtains a standard Cartan decomposition of type Eg of a Lie algebra
of classical type over the field §. Then this algebra is isomorphic to our
algebra &, and under the isomorphism the generators of the group G’ acting
in Chevalley’s algebra correspond to mappings exp(ad(E,)) in &, where E,
runs through the root-vectors relative to a standard Cartan subalgebra
of &, a fundamental system of roots of ¢ relative to 9, being of type FEs. It
follows by Theorem 9 of [8] that there is an automorphism ¢ of § mapping
the Cartan subalgebra $ used in our decomposition of §5 onto the new sub-
algebra §o. Since 9 is mapped into $ by
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X — Xx* (—h¥=hy 1S iS4 —hf=—h;j=5,6),

we may assume that ¢ is of the form X—A4-1XA4, A € 8. The system of root-
vectors { E,} relative to o thus consists of all scalar multiples of the elements
A-E,A, where E, runs through the 72 root-vectors relative to 9 as listed
in §5. Now exp(ad(4—1E.A4)) sends X €L into
A~ (exp(Ea))'AX A7 (exp(Ea)) 4,

i.e., conjugates X by an element of 4-'GA4, where G is the subgroup of ®
generated by all exp(AE,), AEF, E. a root-vector relative to . We show
G=@; then, since @ is an invariant subgroup of B, it will follow that A—1GA4
=@, thus that G'=~=@/3=24(2).

We have seen that G contains the exp(A(0, 0, 0, 7)), where (0,0,0, T)ED

belongs to each of the roots +74, + + -, +712 relative to . Now we compute
the effect on the general element

a = diag{a, as, as} + a12(1, 2) + a1s(1, 3) + a23(2, 3)
of & of the exponentials of the remaining root-vectors:
a exp(A\(%:(1) + 2(;, 0,0, 0))) = a + A[4(u;, a12) diagf{0, 1, 0}
+ 2a1ui(1, 2) + 2(#013)(2, 3)];
a exp(\(u:i(1) — 2(;,0,0,0))) = @ + A[4(u;, a12) diag{1, 0, 0}
+ 2a0u:(1, 2) + 2(wioz) (1, 3)];
a exp(A\(%:(2) + 2(0, %;, 0, 0))) = a + A[4(u;, a15) diag{0, 0, 1}
+ 2Zanui(1, 3) + 2(812w) (2, 3)];
a exp(A(u:(2) — 2(0, ;, 0, 0))) = @ + A[4(u;, a15) diag{1, 0, 0}
+ 2(uidzs) (1, 2) + 2asmi(1, 3)];
aexp (A\(ui(3) + 2(0,0, u;,0))) = @ + A[4(u;, a25) diag{0, 0, 1}
+ 2(au) (1, 3) + 2aaui(2, 3)];
a exp(\(#:(3) — 2(0, 0, u;, 0))) = a + A[4(u;, ass) diag {0, 1, 0}
+ 2(aws@i)(1, 2) + 2a5u:(2, 3)].

NorteE. If we denote by T;j(x), #EGE, 174, that 3 by 3 €-matrix with 1 in
all diagonal positions and with # in the (¢, j)-position and zero elsewhere,
then for a € 3, the element (T;(w)a) T;:(%) = Ti;(u) (@ T;i(%)), defined by ordi-
nary matrix multiplication, is again in §. The mappings a—(T;(u)a) T;:(%)
of &, as u runs through all scalar multiples of basis elements %, - - -, us for
@, are just the mappings listed above. In their more general form, they have

been utilized by Jacobson in unpublished work on the norm-preserving
groups.
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By a simple calculation,
exp(\(ui(1) + 2(u;, 0, 0, 0))) exp(—M(ui(1) — 2(w;, 0, 0, 0)))
= exp(4A(%;, 0, 0, 0));
exp(A\(#:(2) + 2(0, u;, 0, 0))) exp(—A(%:(2) — 2(0, u;, 0, 0)))
= exp(4\(0, u;, 0, 0));
exp(\(#:(3) + 2(0, 0, u;, 0))) exp(—Nui(3) — 2(0, 0, u;, 0)))
= exp(4A(0, 0, u;, 0)).

Since the transformations exp(u(u#;, 0, 0, 0)), exp(u(0, %; 0, 0)),
exp(u(0, 0, u;, 0)), together with the exp(\(0, 0, 0, T)), where (0, 0, 0, T) is
a root-vector, generate the full group %(g) by §4, we have A(J) SG.

As has been observed by Jacobson in a more general setting [6], an ele-
ment T of the norm-preserving group ® is in A(Q) if and only if IT=1I. Since
A(Y)SGC G by the above, this may be verified for our special case by as-
suming TE®, IT=1, and by showing that it follows that TE€A(J). From
(I, I,a)=(T, IT,aT)=(I, I, aT) we find that Tr(aT) =Tr(a) for all aE J.
Together with (I, a, b)=(T, aT, bT)=(I, aT, bT), this yields (aT, bT)
= (a, b) for all @, bE S, hence that 7(aT, bT, cT)=7(a, b, ¢) for all a, b, cE Y,
by the fact that 7(a, b, ¢)=(a, b, ¢)+Tr(a)(b, ¢)+Tr(b)(a, ¢)+Tr(c)(a, b)
—2 Tr(@)Tr(®)Tr(c). Thus ((aT-bT), cT) =7(aT, bT, cT) =7(a, b, c) =(a-b, c)
=((a-b)T, ¢T) for all a, b, cES. Since ¢T runs through &, we have (a-b)T
=aT-bT for all a, b, by the nondegeneracy of (x, y). Thus T is an automor-
phism.

It therefore follows that to show G=@, it suffices to show that if T€ @,
then a sequence of multiplications by elements of G can transform T into an
element U of ® with IU=1. Then UEA(F)CG, and so TEG. Now (I, I, I)
=12E€§, so that (IT, IT, IT)=12. If b=IT, we wish to show there is a
VEG such that bV =1I; we prove that this is the case for all b& 3 with
(b, b, b) =12. Thus let b=diag{Bs, B, B:} +b12(1, 2) +bis(1, 3)+bs(2, 3)EJ,
o, b, b)=12.

First we note that 8, =0, b;2=b;3=0, is impossible, since these conditions
imply (b, b, b) =0. Now if b12=b13=0, then $;7#0, and we may operate on b
with exp(u1(1) +2(w, 0, 0, 0)) to obtain an element ¢ of norm 12 with ¢;370.
Thus we may assume that either b1s#0 or b;3#0. If b1,7#0 then for some
3, (b1, #;) #0, and we may operate on b with exp(\(u:(1) —2(u;, 0, 0, 0))),
where \ is so chosen that B1+4\(bi, %) =1, to make B; into 1. If 5130, a
similar procedure may be applied with an exp(\(#:(2) —2(0, ;, 0, 0))). Thus
we may assume By =1. Now if bia= _aiu;, bis= D _y:%:, We operate on b suc-
cessively with the generators exp(—a;(%:(1)+2(u;, 0, 0, 0))/2), 1=4=8, so
that by, is replaced by 0, and the condition B =1 is unaffected. Now the prop-
erties b;;=0, B1=1 are unchanged when we operate successively with the
generators exp(—v;(#:(2) +2(0, u;, 0, 0))/2), 1 £4 =8, and the result now has
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Bi=1, bia=0=b;;3. Thus we may assume b has this form: b=diag{ 1, B, Ba}
+b23(2, 3).

Now if 8;=0 and b3 =0, then (b, b, b) =0, which is impossible. If bys70,
we choose #; so that (u;, bxs) 0, then choose N so that Ba+4N(u;, bs)=1.
Then operating on b with exp(\ (#:(3) —2(0, 0, %;, 0))) leaves f1=1, b1s=0=by3,
and replaces B2 by 1. If by = 0 then B; # 0, and operating on b with
exp(u1(3) +2(0, 0, U, 0)) leaves 31 =1, bie=0= bla, and replaces bas by 262u1;£0.
Then we can replace 8. by 1 as above, so may assume b=diag{1, 1, ﬁa}
+b23(2, 3). If bys= D_d;u,, successive application of the

exp(—8:(u:(3) + 2(0, 0, u;, 0))/2), 1=2i=8,

leaves unchanged Bi=1, B2=1, b12=0, b13=0, and replaces b3 by 0. We have
therefore transformed b by generators of G into diag{ 1,1, ﬁs} , and may as-
sume b=diag{1, 1, 8s}, (b, b, b) =12. But (b, b, b) =4(2+83) —6(2+B5) (2+63)
+2(2485)%=128;. Hence Bs=1, and b has been transformed into the identity
as required. We have thus completed the proof of the following result.

THEOREM 6. If the base field § is not of characteristic 2 or 3, the transforma-
tions I+MNE,, where E, runs through a set of root-vectors relative to the Cartan
subalgebra © of §5 of the Lie algebra  of norm-skew transformations of the split
exceptional Jordan algebra & gemerate the group ® of morm-preserving trans-
formations of . If the characteristic of § is not a prime between 2 and 23, this
result establishes that the group G' of Chevalley formed over § from a simple
complex Lie algebra of type Es may be identified with the group 9(2) of invariant
automorphisms of &, and is also isomorphic to &/ 3, where B is the center of ®;
the isomorphism is induced by the homamorphism A—I1: X—AXA of ®
onto 9(2).

Finally, we note that the mapping B—B(B) of B into the group F* de-
fined by B(B)(x, ¥, 2) = (xB, yB, zB) for all x, y, 2EJ is a homomorphism
with kernel . In fact, 8 is mapped onto F*; for if x =diag { &, &, £} +x10(1, 2)
+x15(1, 3) +x23(2, 3) € 3, then (x, x, x) = 12((x19%23, X13) — &1(%28, X23) — £2(%18, X13)
— £3(r, %) Fiaks), so that if 0#£BEF and 2= D awms, %= D B, Xz
= Z'y,vu;, the transformation B of & defined as follows has (xB, xB, xB)
=B(x, x, x) for all xEJ:

xB = diag{Bti, &, &) + y12(1, 2) + y1:(1, 3) + (2, 3),
where

y2=8 2, amit > o,

1€C(4) 1€D (4)
ya= 2 Bai+B 2 Bitki,
$€C’(4) s€D’(4)

Y3 = Z vyithi + B 1yvaus + Bysus.

$944,8
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By polarization (xB, yB, 2B) =B(x, v, 2) for all x, y, 2E &, so that BE®B and
B(B) =B. Thus we conclude B/@==F*. If we denote by F*? the group of third
powers of elements of §*, then following B—B(B) by the canonical homo-
morphism of F* onto F*/F*® gives a homomorphism of B onto F*/F*3. The
kernel evidently contains the kernel F*I of the homomorphism B—Ig of B
onto the group Is of automorphisms of § of the form X—B-1XB, B& 8.
Hence a homomorphism Ip—B(B)F*® of Is onto F*/F*? is induced. If 5(B)
=NEF*3, then Ip=TIp1p), and N'BE@; thus the kernel of Ip—B(B)F*? is
contained in the_group Ie=9(®) of invariant automorphisms. The reverse
inclusion is trivial, so we see that I'p/Ig=Ip/9(R) is isomorphic to F*/F*:.
Thus the full automorphism group has the normal series (&) DIsD9(R)
D(I), with A(R)/I8=2Z,, I's/I(R)=F*/T*?, and 9(R)=E/ 3, a simple group.
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